We study the basic properties of Higgs sheaves over compact Kähler manifolds and we establish some results concerning the notion of semistability; in particular, we show that any extension of semistable Higgs sheaves with equal slopes is semistable. Then, we use the flattening theorem to construct a regularization of any torsion-free Higgs sheaf and we show that it is in fact a Higgs bundle. Using this, we prove that any Hermitian metric on a regularization of a torsion-free Higgs sheaf induces an admissible structure on the Higgs sheaf. Finally, using admissible structures we prove some properties of semistable Higgs sheaves.
Introduction
As it is well known, in dimensions greater or equal than two, the MumfordTakemoto semistability of a coherent sheaf makes reference to its coherent subsheaves and not only to its subbundles [11] , [17] , [12] . This is also the case for Higgs sheaves [15] , [4] , and hence the notion of semistability in higher dimensions makes reference to Higgs subsheaves. In this article, the basic properties of Higgs sheaves are studied; some of them are simple extensions to the Higgs case of classical results on coherent sheaves, however they play an important role in the theory. In particular, in the first part we show that the kernel and the image of any morphism of Higgs sheaves are Higgs sheaves. On the other hand, since the torsion subsheaf of any Higgs sheaf can be seen as a Higgs sheaf in a natural way, we have that the definition of stability (resp. semistability) can be written in terms of subsheaves with torsion-free quotients. This in fact justifies the definition introduced by Simpson in [14] and that have been used in [6] .
From the classical theory of coherent sheaves, we know that the direct sum of semistable sheaves with equal slope is again semistable, we prove here that the same holds for semistable Higgs sheaves. Furthermore, there is an analog classical result concerning the tensor product. Namely, the tensor product of semistable sheaves is again semistable. Kobayashi [11] obtained this result in the particular case of holomorphic bundles over projective spaces; latter on, Simpson [14] proved this for Higgs bundles, again when X is projective. The result for Higgs sheaves over compact Kähler manifolds has been proved recently by Biswas and Schumacher [3] using an extension of the Hitchin-Kobayashi correspondence for torsion-free Higgs sheaves.
The notion of admissible metric on a torsion-free sheaf was introduced by Bando and Siu [2] , they used these metrics to prove a Hitchin-Kobayashi correspondence for stable sheaves, which is in fact a natural extension to coherent sheaves of the main result of Uhlenbeck and Yau in [18] . Biswas and Schumacher in [3] , introduced the notion of admissible Hermitian-Yang-Mills structure on a torsion-free Higgs sheaf and generlalized this correspondence to Higgs sheaves. Here, we review the notion of admissible structure on a torsion-free Higgs sheaf and we prove, in particular, that tensor products and direct sums of admissible structures are again admissible structures. Then, using Hironaka's flattening theorem [9] we construct a regularization of a torsion-free Higgs sheaf and we show that it is in fact a Higgs bundle. As a consequence of this we prove that any Hermitian metric on a regularization of a torsion-free Higgs sheaf induces an admissible structure on this sheaf.
In [6] , it was studied the Donaldson functional and the notions of semistability and approximate Hermitian-Yang-Mills for Higgs bundles over compact Kähler manifolds and it was proved that, if the Donaldson functional of a Higgs bundle is bounded from below, then such a bundle admits an approximate Hermitian-Yang-Mills structure. Hence, by a result in [4] we know it is also semistable. Finally, it was shown that, at least in the one-dimensional case, the concept of approximate Hermitian-Yang-Mills structure is the differentialgeometric counterpart of the notion of semistability. It was done using a decomposition of the Donaldson functional for Higgs bundles and following the Donaldson's proof in [7] , which was inspired in fact by the classical works on Riemann surfaces of Atiyah and Bott [1] , Hitchin [10] and Narasimhan and Seshadri [13] . The problem of the existence of approximate Hermitian-Yang-Mills structures on semistable Higgs bundles has been recently studied in [19] using the Donaldson heat flow techinque and some non-linear analyisis.
In the final part of this article we introduce the notion of approximate Hermitian-Yang-Mills structure on a torsion-free Higgs sheaf over a compact Kähler manifold and we prove that this notion behaves well with respect to tensor products and direct sums; which is indeed a counterpart of a result on semistable Higgs sheaves. Finally, using the Hitchin-Kobayashi correspondence for Higgs sheaves we show that a restriction of a polystable Higgs sheaf remains polystable when we restrict it to certain open sets. As a consequence of this, it follows that the tensor product of polystable Higgs sheaves is again polystable. This, together with a result of Simpson [16] that guarantees the existence of Harder-Narasimhan filtrations for Higgs sheaves, implies the semistability of any tensor product of semistable Higgs sheaves. As we said before, this result has been proved by Biswas and Schumacher in [3] ; here we present a different proof of their result.
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Higgs sheaves
Let X be an n-dimensional compact Kähler manifold with Kähler form ω, and let Ω 1 X where p ′ = p ⊗ 1, j ′ = j ⊗ 1 and ψ is the restriction of φ 2 to F . From this we get that F = (F, ψ) is a Higgs sheaf. Furthermore, from the above diagram it follows that F is a Higgs subsheaf of E 2 and at the same time a Higgs quotient of E 1 .
A sequence of Higgs sheaves is a sequence of the corresponding coherent sheaves where each map is a morphism of Higgs sheaves. A short exact sequence of Higgs sheaves, also called an extension of Higgs sheaves or a Higgs extension [4] , [15] , is defined in the obvious way.
be an exact sequence of Higgs sheaves. Since in the ordinary case we identify F with a subsheaf of E, we can see the Higgs field of F as a restriction of the Higgs field of E, in that way we identify F with a Higgs subsheaf of E.
Let E = (E, φ) be a Higgs sheaf. The morphism φ can be considered as a section of End E ⊗ Ω On the other hand, if E 1 = (E 1 , φ 1 ) and E 2 = (E 2 , φ 2 ) are Higgs sheaves, the pair
where I 1 and I 2 are the identity endomorphisms on E 1 and E 2 respectively, is a Higgs sheaf. Additionally, if pr i : E 1 ⊕ E 2 → E i (with i = 1, 2) denote the natural projections and we define pr * 1 φ 1 and pr * 2 φ 2 by pr *
where v 1 and v 2 are sections of E 1 and E 2 respectively, the pair
is a Higgs sheaf.
In [6] it was defined the degree and the rank of E, denoted by deg E and rk E respectively, as the degree and rank of the coherent sheaf E. Hence, if det E denotes the determinant bundle of the coherent sheaf E we have
If the rank is positive, we introduce the quotient µ(E) = deg E/rk E which is called the slope of the Higgs sheaf. A Higgs sheaf E is said to be ω-stable (resp. ω-semistable) if it is torsion-free and for any Higgs subsheaf F with 0 < rk F < rk E we have the inequality µ(F) < µ(E) (resp. ≤). We say that a Higgs sheaf is ω-polystable if it decomposes into a direct sum of two or more ω-stable Higgs sheaves all these with the same slope. Hence, a ω-polystable Higgs sheaf is ω-semistable but not ω-stable. Notice that the notion of stability (resp. semistability) for Higgs sheaves makes reference only to Higgs subsheaves. Then, in principle a sheaf could be stable (resp. semistable) in the Higgs case, but not in the ordinary case. Finally, since the degree and the rank of any Higgs sheaf is the same degree and rank of the corresponding coherent sheaf, from [11] , Ch. V, Lemma 7.3, we know that any exact sequence of Higgs sheaves
In a similar way to the classical case, from this equality it follows that the condition of stability (resp. semistability) can be written in terms of quotient Higgs sheaves instead of Higgs subsheaves. To be precise, as a direct consequence of (5) we obtain Proposition 2.1 Let E be a torsion-free Higgs sheaf over a compact Kähler manifold X with Kähler form ω. Then, E is ω-stable (resp. ω-semistable) if µ(E) < µ(G) (resp. ≤) for every quotient Higgs sheaf G with 0 < rk G < rk E.
Let E = (E, φ) be a Higgs sheaf over X and let T be the torsion subsheaf of E, since 1 φ(T ) ⊂ T ⊗Ω 1 X , the pair T = (T, φ| T ) is a Higgs subsheaf of E; in other words, the torsion subsheaf of a Higgs sheaf is always a Higgs sheaf. Therefore deg T ≥ 0, which implies that in the definition of stability (resp. semistability) we do not have to consider all quotient Higgs sheaves. Namely, we get Proposition 2.2 Let E be a torsion-free Higgs sheaf over a compact Kähler manifold X with Kähler form ω. Then (i) E is ω-stable (resp. ω-semistable) if and only if µ(F) < µ(E) (resp. ≤) for any Higgs subsheaf F with 0 < rk F < rk E and such that the quotient E/F is torsion-free.
(ii) E is ω-stable (resp. ω-semistable) if and only if µ(E) < µ(G) (resp. ≤) for any torsion-free quotient Higgs sheaf G with 0 < rk G < rk E.
Proof: (i) and (ii) are clear in one direction. For the converse, suppose the inequality between slopes in (i) (resp. in (ii)) holds for proper Higgs subsheaves with torsion-free quotient (resp. for torsion-free quotients Higgs sheaves) and let us consider an exact sequence of Higgs sheaves as in (1) .
Let E = (E, φ) and denote by ψ the Higgs field of G, that is, G = (G, ψ). Now, let T be the torsion subsheaf of G. As we said before, the Higgs field satisfies ψ(T ) ⊂ T ⊗ Ω 
in which all rows and columns are exact. From this diagram we have that F is a Higgs subsheaf of F 1 with T ∼ = F 1 /F. Since T is a torsion Higgs sheaf, deg T ≥ 0 and we obtain deg
Notice that φ is a morphism of sheaves, then φ(T ) is contained in the torsion of E ⊗ Ω 1 X , which is exactly T ⊗ Ω 1 X because Ω 1 X is locally free. Now, because T is torsion we have rk G = rk G 1 and rk F 1 = rk F and hence finally we get
At this point, the converse directions in (i) and (ii) follows from the last two inequalities and the fact that G 1 is torsion-free. Q.E.D.
Let E = (E, φ) be a torsion-free Higgs sheaf of rank r over a compact Kähler manifold X; from a classical result (see Ch.V in [11] for more details) we know that det E ∼ = ( r E) * * , and hence via this isomorphism φ defines a Higgs field η on det E. Therefore the pair det E = (det E, η) is a locally free Higgs sheaf, i.e., the determinant bundle of a torsion-free Higgs sheaf is a Higgs bundle.
On the other hand (see [11] , Ch.V, Proposition 6.12), we know that the determinant bundle of any torsion-free sheaf E satisfies (det E) * = det E * . Consequently, if E is torsion-free, µ(E) = −µ(E * ) and we have the following proposition, which is a natural extension to Higgs sheaves of a classical result. Proposition 2.3 Let E be a torsion-free Higgs sheaf over a compact Kähler manifold X with Kähler form ω.
(ii) Let L be a Higgs line bundle over X. Then L ⊗ E is ω-stable (resp. ω-semistable) if and only if E is ω-stable (resp. ω-semistable).
(iii) E is ω-stable (resp. ω-semistable) if and only if E * is ω-stable (resp. ω-semistable).
Proof: (i) is a direct consequence of the definition of stability and (ii) is equal to the classical case. We prove here (iii) in the case of stability (the proof for semistability is similar and is obtained by replacing < by ≤ in the inequalities between slopes).
Assume first E * is ω-stable and consider the exact sequence of Higgs sheaves (1) with G torsion-free. Dualizing it, we obtain the exact sequence
Now, since E and G are both torsion-free, from the above sequence we get that
and hence, by Proposition 2.2 it follows that E is ω-stable. Now, assume that E is ω-stable and consider an exact sequence of Higgs sheaves 0
with G ′ torsion-free. Dualizing this sequence, we obtain again an exact sequence of Higgs sheaves 0
Now, the natural injection σ : E −→ E * * defines E as a Higgs subsheaf E * * . From this and defining the Higgs sheaves H ′ = E ∩ G ′ * and H ′′ = E/H ′ we have the following commutative diagram:
where T ′′ is the quotient of the injective morphism G ′ * /H ′ −→ E * * /E; so that the sequence on the bottom becomes an exact sequence.
In the above diagram, all columns and arrows are exact and since E is torsionfree, the quotient E * * /E is a torsion sheaf supported on a set of codimension at least two, and hence, the same holds also for G 
which means that E * is ω-stable. Q.E.D.
Corollary 2.4
Let E be a torsion-free Higgs sheaf over a compact Kähler manifold X with Kähler form ω. Then E is ω-stable (resp. ω-semistable) if and only if the sheaf E * * is ω-stable (resp. ω-semistable).
The above Corollary is an immediate consequence of the part (iii) of Proposition 2.3. It has been proved independently by Biswas and Schumacher (see [3] , Lemma 2.4 for details).
Semistable Higgs sheaves
In a similar way to the classical case we have a simple result concerning the direct sum of semistable Higgs sheaves. Namely we have Theorem 3.1 Let E 1 and E 2 be two torsion-free Higgs sheaves over a compact Kähler manifold X with Kähler form ω. Then E 1 ⊕ E 2 is ω-semistable if and only if E 1 and E 2 are both ω-semistable with µ(E 1 ) = µ(E 2 ).
Proof: Assume first that E 1 and E 2 are both ω-semistable with µ(E 1 ) = µ(E 2 ) = µ and let F be a Higgs subsheaf of E 1 ⊕ E 2 . Then we have the following commutative diagram where the horizontal sequences are exact and the vertical arrows are injective
where
From the above diagram we have
Now, since by hypothesis E 1 and E 2 have the same slope µ, we have µ(E 1 ⊕E 2 ) = µ and deg
From these inequalities we obtain
and the semistability of E 1 ⊕ E 2 is follows.
Conversely, suppose E 1 ⊕ E 2 is ω-semistable. Since E 1 and E 2 are at the same time Higgs subsheaves and quotient Higgs sheaves of E 1 ⊕E 2 we necessarily obtain
A Higgs subsheaf G 1 of E 1 is clearly a Higgs subsheaf of E 1 ⊕ E 2 and hence µ(G 1 ) ≤ µ(E 1 ), which shows the semistability of E 1 . A similar argument shows the semistability of E 2 . Q.E.D.
In the proof of the above result we showed also that the slope of E 1 ⊕ E 2 is the same slope of E 1 and E 2 , which says that the direct sum of semistable Higgs sheaves can never be stable. In fact, even if they are stable, the direct sum is just polystable.
The definition of semistability for Higgs sheaves that we have introduced in the preceding section uses only proper Higgs subsheaves, this definition can be reformulated in terms of Higgs sheaves of arbitrary rank (non necessarily proper). Indeed, it was the way in which Kobayashi [11] introduced the notion of semistability for holomorphic vector bundles. Therefore, alternatively we can say that a torsion-free Higgs sheaf E over a compact Kähler manifold X is ω-semistable if and only if µ(F) ≤ µ(E) for every Higgs subsheaf F with 0 < rk F ≤ rk E or equivalently if and only if µ(E) ≤ µ(Q) for every quotient Higgs subsheaf Q with 0 < rk Q ≤ rk E. In fact, this equivalence is clear from the identity (5). On the other hand, if we assume that a sheaf E is semistable according to our original definition and F is a Higgs subsheaf with rk F = rk E, then we have a sequence
with Q a torsion sheaf (it is a zero rank sheaf). From the above exact sequence it follows that deg E = deg F+deg Q and since deg Q ≥ 0, necessarily µ(F) ≤ µ(E).
This means that E is semistable with respect to the new definition. The converse direction is immediate, so that the definition of semistability can be written in terms of Higgs subsheaves (or equivalently quotient Higgs sheaves) of arbitrary rank.
Using the above definition of semistability it is easy to prove the following, which is a natural extension to Higgs sheaves of a classical result of semistable sheaves.
Proposition 3.2 Let f : E 1 −→ E 2 be a morphism of ω-semistable (torsionfree) Higgs sheaves over a compact Kähler manifold X with Kähler form ω. Then we have the following:
it is the zero morphism).
(ii) If µ(E 1 ) = µ(E 2 ) and E 1 is ω-stable, then rk E 1 = rk f (E 1 ) and f is injective unless f = 0 . (iii) If µ(E 1 ) = µ(E 2 ) and E 2 is ω-stable, then rk E 2 = rk f (E 1 ) and f is generically surjective unless f = 0 .
Proof: Assume that E 1 and E 2 are both ω-semistable with slopes µ 1 and µ 2 and ranks r 1 and r 2 respectively, and let F = f (E 1 ); then F is a torsion-free quotient Higgs sheaf of E 1 and a Higgs subsheaf of E 2 .
(i) Suppose that µ 1 > µ 2 and f = 0, then
which is impossible. Therefore f must be the zero morphism.
(ii) Assume f = 0 and suppose that µ 1 = µ 2 and E 1 is ω-stable.
Hence, necessarily r 1 = rk F and f is injective.
(iii) Assume f = 0 and suppose that µ 1 = µ 2 and E 2 is ω-stable.
and consequently r 2 = rk F and the result follows. Q.E.D.
From Proposition 3.2, we have that any extension of semistable Higgs sheaves with the same slope must be semistable. Namely we have
be an exact sequence of torsion-free Higgs sheaves over a compact Kähler manifold X with Kähler form ω. If F and G are both ω-semistable and µ(F) = µ(G) = µ, then E is also ω-semistable and µ(E) = µ .
Proof: The fact that µ(E) = µ follows from the identity (5) . Suppose that E is not semistable and hence there exists a subsheaf H destabilizing it, i.e., there exists a proper (non-trivial) Higgs subsheaf H such that µ(H) > µ. Without loss of generality we can assume that H is semistable 2 . Then we have a morphism f : H −→ G with µ(H) > µ(G), and from Proposition 3.2 we have f = 0. Therefore, there exists a morphism g : H −→ F where µ(H) > µ(F), and we have again g = 0, which means that H must be trivial and from this we have a contradiction. Q.E.D.
Admissible structures
Bando and Siu [2] introduced the notion of admissible metric on a coherent sheaf; they used these metrics to prove a Hitchin-Kobayashi correspondence for stable torsion-free sheaves. Admissible structures have been used in [3] and [6] to extend the results of Bando and Siu to Higgs sheaves and to construct a Donaldson's functional for these objects. Here we review the main definitions concerning to this notion.
Let us consider a torsion-free Higgs sheaf E over a compact Kähler manifold X and let S = S(E) ⊂ X be its singularity set; as it is well known, S is a complex analytic subset with codim(S) ≥ 2. An admissible structure on E is an Hermitian metric h on the bundle E| X\S such that:
(i) The Chern curvature R h is square-integrable, and
Since S(E * * ) ⊂ S(E), an admissible structure on E * * induces an admissible structure on E. Now, the converse is also true if we relax the notion of admissibility to make only reference to certain open sets. In fact, this notion can be modified in the following way: an admissible structure on a Higgs sheaf E is an Hermitian metric h defined on an open set U , such that X\U is a complex analytic subset of codimension at least two, which contains the singularity set of E. In this sense, any admissible structure on E induces an admissible structure on E * * . From now on (if necessary) we will understand admissible structures in this modified version. Proposition 4.1 Let E 1 and E 2 be two torsion-free Higgs sheaves over a compact Kähler manifold X and let h 1 and h 2 be two admissible structures on these Higgs sheaves. Then, h 1 ⊗h 2 and h 1 ⊕h 2 are admissible structures on the tensor product E 1 ⊗ E 2 and the Whitney sum E 1 ⊕ E 2 , respectively.
Proof: Suppose h 1 and h 2 are admissible structures and let S 1 and S 2 the singularity sets of E 1 and E 2 , respectively. Then, h 1 and h 2 are Hermitian metrics on E 1 | U1 and E 2 | U2 for some open sets U 1 and U 2 in X, where X\U 1 and X\U 2 are complex analytic subsets of codimension greater or equal than two, containing the sets S 1 and S 2 respectively.
Since X\U 1 ∩ U 2 is the union of X\U 1 and X\U 2 , it is a closed analytic subset of codimension at least two containing S 1 ∪ S 2 . From this we obtain that h 1 ⊗ h 2 and h 1 ⊕ h 2 are Hermitian metrics on the Higgs bundles E 1 ⊗ E 2 | U1∩U2 and E 1 ⊕ E 2 | U1∩U2 respectively.
On the other hand, if K 1⊗2 denotes the Chern mean curvature of h 1 ⊗ h 2 , we have from classical identities (see [11] , Ch.I) that
Since K 1 and K 2 are L 1 -bounded, by integrating this inequality over
Similarly, for the Chern curvature R 1⊗2 we obtain
Now, since R 1 and R 2 are square-integrable and the product |R 1 ||R 2 | is L 1 -bounded, the square-integrability of R 1⊗2 follows integrating the above inequility over
On the other hand, if R 1⊕2 (resp. K 1⊕2 ) denotes the Chern curvature (resp. the associated mean curvature) of h 1 ⊕ h 2 , we obtain
and the result follows from these inequalities in a similar way to the tensor product case. Q.E.D.
Following [3] , we say that an admissible structure h on a torsion-free Higgs sheaf E is an Hermitian-Yang-Mills structure, if on the open set U ⊂ X where the metric is defined we have
where c is the constant used in the Donaldson functional (see [6] ). It is important to note here that the admissibility of a metric on a Higgs sheaf depends only on conditions imposed on the Chern curvature. In contrast, the notion of Hermitian-Yang-Mills structure does depend on the Higgs field conditions imposed on the Hitchin-Simpson curvature.
We say that a torsion-free Higgs sheaf E has an approximate HermitianYang-Mills structure, if for all ǫ > 0, there exists an admissible structure h ǫ such that sup
Here U ǫ is the open set where h ǫ is defined and K ǫ is the Hitchin-Simpson mean curvature of h ǫ .
On the other hand, in an analog way to the classical case, the HitchinSimpson mean curvature of the tensor product satisfies
where I = I 1 ⊗I 2 and c = c 1 +c 2 . Evenmore, if c = c 1 = c 2 , the Hitchin-Simpson mean curvature of the Whitney sum satisfies
where this time I = I 1 ⊕ I 2 . From the inequalities (9), (10) and Proposition 4.1 we conclude the following, which is indeed an extension of Proposition 3.1 in [6] to torsion-free Higgs sheaves Proposition 4.2 Let E 1 and E 2 be two torsion-free Higgs sheaves over a compact Kähler manifold X. If they admit approximate Hermitian-Yang-Mills structures, so does their tensor product
Let E = (E, φ) be a torsion-free Higgs sheaf over X. By Biswas and Schumacher [3] (see also [2] or [9] ), there exists a finite sequence of blowups with smooth centers π j : X j −→ X j−1 , with j = 1, ..., k and X 0 = X, such that the pullback of the sheaf E * to X k modulo torsion is locally free and π 1 · · · π k outside S is a biholomorphism. In other words, settingX = X k and
and denoting by T the torsion part of π * E * , then π * E * /T is a holomorphic bundle overX and π restricted toX\π −1 (S) is a biholomorphism.
LetẼ be the dual of the bundle π * E * /T . Clearly, the morphism φ defines a Higgs field ψ = π * φ * on π * E * and since ψ(T ) ⊂ T ⊗ Ω 1X , the morphism ψ is well defined on the quotient π * E * /T and we have a morphism
From the above analysis we conclude thatẼ = (Ẽ, ψ * ) is a Higgs bundle overX. We say thatẼ is a regularization of the Higgs sheaf E and that the map π, defined by (11) , is a morphism regularizing E.
If ω is a Kähler metric on X, its pullback π * ω is degenerate along the exceptional divisor π −1 (S) and hence it is not a Kähler metric onX. From [3] (see also [5] ), we know there exists a Kähler metric closely related to the form π * ω. This metric can be defined as follows: Let η be an arbitrary Kähler metric onX and 0 ≤ ǫ ≤ 1, then we define
Clearly, this is a Kähler metric for each ǫ > 0. Such a metric can be used to prove some simple properties involving admissible metrics. In particular, we have the following result Proposition 4.3 Let E be a torsion-free Higgs sheaf over a compact Kähler manifold X andẼ a regularization of it. Then, any Hermitian metric onẼ induces an admissible metric on E.
Proof: Leth be an Hermitian metric onẼ and denote by S the singularity set of E. Let π be the morphism regularizing E. The Hermitian metrich induces an Hermitian metric h on E| X\S .
Let K = iΛR be the (classical) mean curvature of E| X\S associated with the metric h. Sinceh is defined on allX, the pullback of R, denoted byR, extends to allX as the curvature of the Hermitian metrich and hence, on each point of X, we have
where iΛ ǫ denotes this time the adjoint of the multiplication by ω ǫ andK ǫ represents the corresponding mean curvature ofẼ. Now, sinceX is compact, for some positive constant C (see [2] , Lemma 5) we have
where I here is the identity endomorphism ofẼ. Hence, by applying iΛ ǫ to (14) we have that CiΛ ǫ ω ǫ I −K ǫ must be a semipositive definite endomorphism of E and we get
From this we conclude thatK ǫ is uniformly integrable with respect to 0 < ǫ ≤ 1 and hence, taking the limit ǫ → 0, it follows that K is L 1 -bounded.
On the other hand, from the theory of holomorphic bundles (see in particular [2] , Lemma 6) we have the following identity
and therefore, taking the limit ǫ → 0, it follows that R is also square-integrable. Q.E.D.
Notice that since the codimension of the singularity set S of a torsion-free Higgs sheaf E is greater or equal than two, we can see E as a Higgs bundle over the non-compact manifold X\S. Thus, in studying torsion-free Higgs sheaves we are considering implicitly Higgs bundles over non-compact Kähler manifolds. Evenmore, from Section 7 in [6] we know that X\S satisfies all assumptions that Simpson [14] imposes on the base manifold and that the Hitchin-Simpson mean curvature K is L 1 -bounded on X\S. Clearly, these properties extend naturally to the open sets U where the admissible structures are defined.
Higgs sheaves and admissible structures
As we said before, Biswas and Schumacher proved a Hitchin-Kobayashi correspondence for polystable Higgs sheaves. As an immediate consequence of this we know that any restriction of a stable Higgs sheaf E to X\S is ω-polystable. In fact, using the modified definition of admissibility, this also holds for restrictions to certain open subsets of X. To be precise we have the following result Proposition 5.1 Let E be a torsion-free Higgs sheaf over a compact Kähler manifold X with Kähler form ω and denote by S its singularity set. Let U ⊂ X be an open set such that X\U is a closed analytic subset of codimension at least two containing S. Then E| U is ω-polystable if E is ω-polystable.
Proof: Let E be a torsion-free sheaf over X and assume first that it is ω-stable. Then, by Theorem 3.1 in [3] , there exists an Hermitian-Yang-Mills structure h on it. Let U be an open subset of X such that X\U is a closed analytic subset with codimension greater or equal than two and suppose that S ⊂ X\U . Thus, h is in particular an Hermitian-Yang-Mills metric on the Higgs bundle E| U and hence, from Proposition 3.3 in [14] , it must be ω-polystable.
Assume now that E is ω-polystable. Then, it can be decomposed as a direct sum of ω-stable Higgs sheaves with the same slope as E. From the first part of the proof, we know that each restriction of these stable Higgs sheaves to U must be ω-polystable and hence the result follows. Q.E.D.
Lemma 5.2 Let E 1 and E 2 be two torsion-free Higgs sheaves over a compact Kähler manifold X with Kähler form ω. If both are ω-polystable, then E 1 ⊗ E 2 modulo torsion is also ω-polystable.
Proof: Let E 1 and E 2 be ω-polystable. Then, from Corollary 3.5 in [3] we know there exist Hermitian-Yang-Mills structures h 1 and h 2 . Now, by Proposition 4.1, it follows that h = h 1 ⊗ h 2 is an admissible structure on E 1 ⊗ E 2 . Clearly, it is an Hermitian-Yang-Mills structure and hence, using again the same Corollary, such a tensor product (modulo torsion) must be ω-polystable. Q.E.D.
As a consequence of the above Lemma, Biswas and Schumacher [3] proved that the tensor product of two semistable sheaves is again semistable. Here we present a different proof. Notice first that from Lemma 5.2 we have the following result Lemma 5.3 Let E 1 and E 2 be two torsion-free Higgs sheaves over a compact Kähler manifold X with Kähler form ω. If E 1 is ω-semistable and E 2 is ω-polystable, then E 1 ⊗ E 2 modulo torsion is ω-semistable.
Proof: Assume that E 2 is ω-polystable an E 1 is ω-semistable. Following Simpson [16] (see also [3] ), there exists a filtration of E 1 by Higgs subsheaves
in which the quotients F j /F j−1 for j = 1, ..., k are ω-polystable and they have all the same slope as E 1 . Now, let U ⊂ X be the open set in which all terms of the filtration (16), all quotients F j /F j−1 , and also E 2 are locally free. Then
